The aim of this paper was the deduction of a new stage-discharge relationship for a contracted weir, having a crest length less than the channel width, by using the Malcherek's outflow theory. The average outflow velocity over the rectangular contracted weir was expressed in terms of the head over weir, the momentum correction coefficient and the ratio between the crest length and the channel width. This theoretically deduced stage-discharge formula was calibrated by measurements carried out for values of the ratio between the crest length and the channel width ranging from 0.3125 to 0.9375. In particular, a relationship to estimate the momentum correction coefficient for contracted weirs was deduced. The analysis showed that the proposed stage-discharge relationship is characterised by an excellent performance and allows to measure discharge values characterised by errors which are, for 96.0% of the measured values, less than or equal to ±5%.
Introduction
Weirs are probably the oldest hydraulic structures made by man for flow measurements (Swamee, 1988) . The classic experiments of Bazin, using full-width, thin-plate weirs, were carried out in 1886-1887 (Kindsvater and Carter, 1957) . Kindsvater and Carter (1957) developed a comprehensive analysis of the rectangular thin-plate weirs and proposed a stagedischarge solution which takes into account for the influence of fluid properties and physical characteristic of the weirs and the weir channel.
Sharp crested weirs (Aydin et al., 2002 (Aydin et al., , 2006 Bagheri and Heidarpour, 2010; Ferro, 2012; Bautista-Capetillo et al., 2013; Bijankhan et al., 2014; Gharahjeh et al., 2015) are elevated barriers generally located normal the main flow direction, for forcing the fluid to rise above the obstruction to flow through a regularshaped opening, which are classically used as flow measuring device. The crest shape, approach channel width, obliquity (angle between the weir crest and the direction normal to the flow motion), and vertical inclination (pivot weir) (Borghei et al., 2013; Nikou et al., 2016) are the key-parameters affecting the flow over a rectangular weir (Govinda Rao and Muralidhar, 1963; Ferro, 2013; Bijankhan and Ferro, 2017) . A weir is classified as sharpcrested when its crest length and the flow head are such that the flow separates and does not attach to the weir before the flow leaves the weir (Rao and Shukla, 1971; Johnson, 2000; Ferro, 2013; Bijankhan and Ferro, 2017) . A sharp-crested rectangular weir consists of a vertical thin, generally metal, plate that is placed normally to the flow direction. The rectangular weir is named contracted when the width of its crest b is less than the width B of the approach channel while is non-contracted for b/B=1. When weirs are used for measuring discharge the structure is characterised by a relationship, named stage-discharge relationship (Azimi and Rajaratnam, 2009; Bagheri and Heidarpour, 2010; Aydin et al., 2011; Ferro, 2012; Bijankhan et al., 2014 Bijankhan et al., , 2015 Di Stefano et al., 2016) between the discharge Q and the water depth h measured from the reference level (horizontal plane localised at an elevation equal to the weir height P) (Figure 1 ). These structures were studied using classical physics and experimental analysis to understand the characteristics of flow and to determine the discharge coefficient Cd. This coefficient represents the effects not considered in the derivations of the equations used for estimating discharge from flow depth. Such effects include viscosity, surface tension, velocity distribution in the approach channel, and streamline curvature due to weir contraction (Sargison et al., 1972; Ranga Raju et al., 1977; De Martino et al., 1984; Aydin et al., 2011) . The ratio of the weir width b to the approach channel width B, named contraction ratio, affects the stage-discharge curve of the weirs (Gharahjeh et al., 2015) and using the smaller weir width, it would be possible to measure very low discharges. With this aim, Aydin et al. (2002 Aydin et al. ( , 2006 proposed the design of the slit weir, which is a narrow, vertical, rectangular opening with sharp edges able to measure discharge values less than 0.005 m 3 /s. According to Aydin et al. (2006) for slit weir, the channel width must be large enough so that the approach velocity can be ignored. Aydin et al. (2002 Aydin et al. ( , 2006 also stated that the upper bound to ignore the channel width effect is defined by a value of the ratio b/B less than or equal to 0.25. In other words, the contracted weirs are characterised by contraction ratio values 0.25 < b/B < 1 while the slit weirs correspond to b/B ≤0.25. For a rectangular normal sharp-crested weir, the well-known stage-discharge relationship is generally derived from energy consideration (Herschy, 1999) applying the dimensional analysis and the self-similarity theory (Ferro, 2012; Bijankhan et al., 2014 Bijankhan et al., , 2015 Ferro and Aydin, 2018a) .
The solution of the efflux problem, derived by Torricelli (Torricelli, 1644; Malcherek, 2016) , is based on statement that the outflow velocity V from a vessel is equal to the terminal velocity of a body falling freely from an height equal to the vessel filling level h (Figure 2 ):
(1) Then Bernoulli (1738) outlined that the measured outflow velocity is smaller than the theoretical one and introduced, to explain this discrepancy, the concepts of vena contracta and discharge coefficient which has to be experimentally determined.
Recently, Malcherek (2016) has developed a new insight in the hydraulic theory of the outflow problem applying the momentum balance in a vessel. In particular, for the stationary situation the following expression of the outflow velocity V is deduced: (2) in which b = momentum coefficient which can be assumed equal to 1 for an homogeneous velocity distribution, A = vessel crosssection area and AA = outflow cross-section area (Figure 2 ). Eq. (2) is different from the original Torricelli formula (Eq.1) because it does not have the factor 2 under the square root. Integrating the outflow velocity, expressed by Eq.(2), over the weir opening, the following stage-discharge relationship for a rectangular sharpcrested weir placed in a rectangular channel having a channel width B is obtained (Ferro and Aydin, 2018b) : (3) in which g = acceleration due to gravity. Eq.(3) was deduced by Ferro and Aydin (2018b) hypothesing that the ratio AA/A is independent of water depth h and equal to the ratio b/B. In particular, Ferro and Aydin (2018b) calibrated the theoretically deduced stage-discharge formula (Eq.3) using experimental data obtained for value of the ratio b/B ranging from 0.05 and 0.25, i.e. in the range of the slit weirs. In particular, a power empirical relationship linking the momentum coefficient b and the ratio b/B was deduced. This last relationship, substituted into Eq.(3), allowed to obtain a stage-discharge equation characterised by errors which are, for 91% of the measured values, less than or equal to ±5%. Bijankhan and Mazden (2018) applied the Malcherek's outflow theory for deducing the stage-discharge relationship for rectangular, triangular and circular overflow structures. In particular, for the rectangular weir the solution proposed by Bijankhan and Mazden (2018) can be obtained by Eq. (3) Figure 2 in the paper by Bijankhan and Mazden (2018) ] and it is equal to 1 only for the case of non-contracted (b/B = 1) weir. Thereby, the best fitting b value is close to the value 1.036, deduced by velocity profiles measured by Tsung et al. (2014) in a rectangular non-contracted weir, only for the case b/B = 1. For the investigated contracted-weirs, the best-fitting b values estimated by Bijankhan and Mazden (2018) are quite different from both 1 and the value 1.25 suggested by Malcherek (2016) . The best-fitting b values estimated by Bijankhan and Mazden (2018) were not tested by velocity measurements in non-contracted weirs. The stage-discharge relationship by Bijankhan and Mazden (2018) According to Ferro and Aydin (2018b) , rearranging Eq. (3) the following equation is obtained: (4) Setting (5) the stage-discharge relationship assumes the following mathematical shape:
In this paper, the theoretically deduced stage-discharge relationship (Eq.3) is calibrated using the measurements carried out by Gharahjeh et al. (2015) for contracted weirs having values of the ratio b/B, ranging from 0.3125 to 0.9375, greater than the upper bound defining the slit weirs. A relationship to estimate the momentum correction coefficient b for contracted weirs which takes into account the ratio b/B is also proposed.
Materials and methods

Experimental setup and measuring techniques
The experimental measurements used in this study were carried out by Gharahjeh et al. (2015) in the Hydromechanics Laboratory of Civil Engineering Department at Middle East Technical University. A horizontal rectangular channel 6 m long, 0.32 m wide and 0.7 m deep was used for the tests. The weir plate is 10-mm thick and the bevelled edges of the weir plate are 2-mm thick. The approach channel is smooth, made of plexiglass and upstream of it there is tank with screens inside to still the water. Water was supplied from upstream entrance through a pipe. The discharge in the channel was controlled by a valve before it reaches the entrance tank. At the end of the entrance tank there were several vertical parallel screens which subsided the fluctuations generated at the water surface. The measurements were carried out for eleven different weir width (b=0. 10, 0.12, 0.14, 0.16, 0.18, 0.20, 0.22, 0.24, 0.26, 0.28 and 0.30 m) having the same weir height P=0.1 m. The weir height was chosen taking into account the need, in the experimental runs, to avoid boundary layer influence on the flow over the weir (Bos, 1989) . Water level over the weir was measured, at a distance of 2.2 m upstream of the weir section, by a point gauge having an accuracy of 0.1 mm. Discharge was measured by a flow measuring tank located at the end of the channel. Further details on the experimental setup and measurement technique are reported in Gharahjeh et al. (2015) . Experimental measurements by Gharahjeh et al. (2015) used in this investigation are listed in Table 1 .
Results and discussion
The coefficent a of Eq.(6) is estimated using measurements carried out for eleven different weir width, corresponding to contraction ratio values b/B ranging from 0.3125 to 0.9375 (Table 2) . Figure 3 shows, as an example for four different values of the contraction ratio (b/B=0.3125, 0.5, 0.75 and 0.9375), the agreement between the experimental pairs (X, Y) and the relationship (Eq.6) between dimensionless discharge and dimensionless head over weir.
Using the measurements carried out in this investigation Eq.(6) was calibrated for each b/B value ( Table 2) . The a values listed in Table 2 allow to calculate the b value using the following equation deduced from Eq. (5): (7) which can be approximated by the following relationship ( The discharge values calculated by Eq.(3), with b estimated by Eq.(8), and the measured ones are compared in Figure 5 .
The deduced stage-discharge relationships allow to calculate discharge values Qc which are characterised by errors E: (9) which are, for 96.0% of the measured discharge values Qm, less than or equal to ±5%. As depicted in Figure 6 , 76.1% of the errors is less than or equal to ±2%.
In conclusion Eq.(3) coupled with Eq. (8) is characterised by errors which are less than those obtained by applying the stage-discharge relationship of Bijankhan and Mazden (2018) .
Conclusions
A rectangular weir is named contracted when the width of its crest b is less than the width B of the approach channel. In this paper the stage-discharge relationship of a contracted weir was theoretically deduced, by using the outflow theory of Malcherek, taking into account the effect of the ratio b/B on the average outflow velocity.
The proposed stage-discharge equation (Eq.3) takes into account the head over weir, the momentum correction coefficient b and the ratio between the crest length b and the channel width B. For estimating the b coefficient some flume measurements, carried out for values of the ratio b/B ranging from 0.3125 to 0.9375, were used. The measured b coefficient values (Eq.7) were related to the ratio b/B using a quadratic function (Eq.8). The proposed stagedischarge relationship (Eq.3), in which b coefficient is estimated by the Eq.(8), allows to calculate discharge values characterised by errors which are, for 96.0% of the measured values, less than or equal to ±5%. Furthermore, Eq.(3) coupled with Eq.(8) is characterised by errors which are less than those obtained by applying the stage-discharge relationship of Bijankhan and Mazden (2018) .
Results indicate that the average velocity over a contracted rectangular weir can be given in terms of head over weir h and the contraction ratio b/B. 
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